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I.  ABSTRACT 

A sysr.em  is  proposed  and  analyzed  for  optically  combining  the 
bearing  infonn.'itio.'i  from  a wide -aperJiure  distribution  of  narrow-aperture 
Wa-tson-Watt  dual -channel  direction  finders  in  such  a way  as  to  use  the 
enTciope  of  a series  of  ellipses  to  resolre  the  directions  of  arrival  of 
two  or  more  radio  waves  having  the  same  frequency. 

I^otographs  and  diagrams  ere  given  illustrating  a laboratory 
model  of  a distribution  of  seven  Watson-Watt  systems.  Photographs  of 
the  bearing  iaforaiation  from  thin  system  illustrate  the  effects  of 
varying  system  diameter,  time  phase  difference,  relative  magnitude,  and 
angular  separation  with  two  incoming  waves.  The  photographs  are  dis- 
cussed as  to  the  merits  of  various  hearing  reading  techniques. 

It  is  demonstrated  that  seven  Watson-Watt  units,  circularly 
distributed  and  connected  so  as  to  have  optically  superimposed  bearing 
indications,  can  form  a system  capable  of  completely  resolving  the 
directions  of  arrival  of  two  signals  under  a majority  of  conditions.  It 
is  further  shown  that  with  a sufficient  number  of  Watson-Watt  units,  the 
directions  of  arrival  of  more  than  two  incoming  signals  can  be  reduced. 


II.  INTRODUCTION 


One  of  the  oLj>e4,i,i »es  of  the  re.fio  direction  finding  research 
program  at  the  University  of  Illinois  has  been  the  investigation  of 
wide -aperture  radio  direction  finding  systems  which  have  potentialities 
toward  orercoming  the  bearing  errors  caused  by  wave  interference  effects 
resulting  from  the  presence  of  several  rather  than  one  arriving  wave- 

One  of  the  moat  promising  general  techniques  for  synthesizing 
wide -aperture  ayatoma  lies  in  the  combination  of  bearing  information 
frotn  a limited  space  distribution  of  narrow -aperture  systems.  Practical 
cortsiderations  suggest  that  wide -aperture  systems  using  existing  radio 
direction  finders  be  thoroughly  investigated.  The  space  distribution 
must  be  wide  aperture  in  the  sense  of  being  distributed  over  several 
wavelengths,  yet  limited  to  the  extent  that  each  system  must  give  the 
same  bearing  under  ideal  conditions  (as  opposed  to  wide  base  systems 
used  to  obtain  a bearing  fix.)  The  letters  WADONAS  will  be  used  to 
designate  such  a Wide -Aperture  Distribution  Of  Narrow- Aperture  Systems 
in  this  report. 

Tliere  are,  at  least,  two  general  techniques  for  utilizing  the 
bearing  information  from  a WADONAS.  The  first  technique  is  combining 
the  bearing  information  electrically  in  such  a way  that  the  combined 
signal  (or  signals)  is  capable  of  giving  a sort  of  average  bearing  on  an 
indicator.  Several  possible  techniques  for  accomplishing  this  combina 
tion  and  bearing  presentation  are  discussed  in  Technical  Report  No.  9 of 
of  this  project.  Section  V c. 

The  second  combination  technique  is  an  optical-  combination  or 
superposition.  The  bearings  of  the  individual  direction  finders  are 
superimposed  (optically)  in  such  a way  as  to  obtain  a better  degree  of 
bearing  resolution  than  any  single  “ysvem  would  normally  offer.  Selec 
ting  the  strongest  bearing  or  ar  *eye  average'  of  the  strongest  bearings 
(in  effect  a diversity  technique)  is  one  method  of  optical 'combination ' . 
A more  refined  technique  is  to  use  the  envelope  of  the  bearing  presenta- 
tions and  this  is  the  schema  with  which  this  report  is  concerned. 

"Hie  individual  systems  making  up  the  WADONAS  are  dual -channel 
cathode -ray  or  Watson -Watt  syscems.  Since  these  systems  are  instan- 
taneous in  their  operation,  the  WADONAS  is  also.  Hence,  such  a WAD0NA5 
is  ideally  suited  for  direction  finding  on  flash  (‘squash*)  transmis 
sions.  In  order  to  better  explain  the  principles  underlying  the  use  of 
the  combination  technique  explained  in  Section  V,  the  basic  principles 
and  equations  underlying  the  operating  of  a single  Watson -Watt  direction 
finder  are  reviewed  in  Section  IV. 

Since  in  multipath  sky-wave  transmission  the  iucuming  signals 
will  be  arriving  from  nearly  the  same  horizontal  angle,  much  of  the  data 
in  this  report  was  obtained  for  the  conditions  of  5°  and  10°  azimuthal 
separation  between  signals  which  are  important  practical  cases. 
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III. 


LIST 


OF  SYMBOLS 


relative  magnitude  of  the  weaker  of  two  incoming  signals 
compared  tu  the  stronger. 

time  phase  difference  between  two  interfering  signals  .-it 
the  center  of  a composite  system. 

time  phase  difference  between  two  interfering  signals  at  the 
center  of  the  nth  Watson-Watt  direction  finder  making  up  a 
distributed  system. 

angle  of  arrival  of  the  strongest  wave  measured  counter- 
clockwise from  the  x axis. 

angle  of  arrival  of  an  interfering  signal  measured  count- 
er clockwise  from  che  direction  of  arrival  of  the  desired 
signa 1 . 

voltage  induced  io  the  nth  Adcock  antenna, 
differential  antenna  voltage,  east-west  antennas, 
differential  antenna  voltage,  north-south  antennas. 

X deflection  on  oscilloscope  screen, 
y deflection  on  oscilloscope  screen, 
oscilloscope  deflection  as  a complex  number. 

indication  error  for  a V’atson-Watt  system  with  two  incom- 
ing waves. 

shift  in  time  phase  difference  between  time  phase  differ- 
ence at  the  center  of  a distributed  system  and  time  phase 
difference  at  the  center  of  a unit  system. 

absolute  maximum  of  n for  any  position  on  a circle  of  the 
unit  system. 

polar  angle  between  a unit  system  and  a direction  of 
arrival  of  a signal. 

sizing  factor  for  oscilloscope  trace.  Includes  electric 
field  strength  at  antennas,  complex  amplifier  gain,  etc. 

equal  to  ^ . 

bearing  nth  signal  measured  clockwise  from  north, 
wavelength  of  the  radio  frequency  signal, 
radius  of  circular  WADONAS 


IV  WATSON -WATT  hDF  UNDER  SIGNAL  CONDITIONS 


A.  Effect  of  Field  Caused  by  One  Signal 

Figure  I depicts  the  geometry  invoJ.veil  in  this  discussion. 
Assume  a wave  propagating  in  the  -y'  direction  and  given  by 

E = sin  (ut+Ky' ).  (1) 

Assume  that  the  Adcock  antenna  masts  pieced  at  points  1,  2,  3,  and  4’are 
electrically  identical  and  so  have  equal  pickup  factors.  Assume  that 
the  maximum  value  of  the  field  strength,  E^,  is  the  same  at  all  these 

points  and  is  equal  to  that  at  point  0.  Tlien,  one  can  write 


Cl 

= Co 

sin 

(ut  + r 

K 

cos 

a) 

(2) 

e. 

li 

0 

sin 

(ut-r 

K 

cos 

a) 

(3) 

es 

= Co 

sin 

[ut+r 

K 

cos 

'1 

-a)] 

(4) 

C4 

= Co 

sin 

[ut-r 

K 

cos 

'1 

-a)j 

(5) 

where  e©  sin  'j)t  is  the  voltage  which  would  be  present  at  an  antenna  at 
point  0,  the  center  of  the  array.  Let  the  antennas  be  differentially 
connected  to  produce 


e^  = ej-ea 


Cw  ' es-e^. 


and  similarly. 


Since 


where 


e^  = Co  Hin(<dt+  r K cos  B)  -eo  sin(wt-  r K cos  a) 
= 2eo  sin(r  K cos  a)  cos  u)t 


Cy  = 2eo  sin  Ir  K cos(|-  -o']  cos  ut 
= 2co  sin  (r  K sin  o)  cos  ut. 


sin(r  K cos  a)  = 2 2^  (-1)  •^2n+l^*’^^  cos(2n+l)o 

j (rK)  = (I-  (rK)!..  + LxK}.^^ ' 

2 m!  2(2m+2)  2 4(2m+2)(2m+4) 


For  (rK)  small  with  respect  to  a wave!  rigth  one  can  approximate 

sin(rK  cos  o)  = rK  cos  a (12) 

and  by  the  same  license 

sin(rK  sin  a)  ^ rK  sin  a.  (13) 

It  is  then  nearly  true  that 

Cjj  = 2eo  rK  cos  a cos  ut  (14) 

= 2eo  rK  sin  a cos  ut.  (15) 

If  e^  and  Cy  are  amplified  and  applied  to  the  x and  y plates, 

respectively,  of  an  oscilloscope,  the  deflection  of  the  beam  from  the 
center  is  given  by 

dx  = Kx  Co  rK  cos  o cos  (ot  (16) 

dy  = Ky  Co  rK  sin  a cos  ut. 


.4. 


Complex  •'.otatioR  affords  a convenieni:  way  to  express  the  above.  If  a 
one-to-one  correspondence  between  points  on  the  oscilloscope  face  and 
points  in  the  complex  Z plane  be  set  up,  one  has,  allowing  = X and 


Z = X + jY  = K_eori(  cos  a cos  wt  + jKyCorK  sin  ct  cos  wt.  (18) 
Adjust  = Ky  so  that 

^x  max  ~ max  " vl9) 

Then 

Z = A (cos  a + j sin  a)  cos  ut 

i« 

- A e cos  ut.  (20) 

It  is  clearly  seen  that  the  oscilloscope  trace  is  represented  in  the  Z 
plane  by  a straight  line  inclined  at  an  angle  a from  the  positive  X axis. 
The  system,  therefore,  indicates  the  direction  from  whence  the  signal 
came.  The  inclusion  of  frequency  conversion  in  the  amplifier  is  useful 
to  change  the  value  of  u)  without  affecting  any  other  feature  of  tne 
scheme. 


B.  Effect  of  Field  Produced  by  Two  Signals 

Tn  Fig.  2 is  shown  the  Adcock  antenna  system  irs  the  presence 
of  two  waves  arriving  from  arbitrary  directions.  Wave  1 is  given  by 

El  = sin  i'ut+ky')  (21) 

and  Wave  2 by 

Eq  = h sin  (ut+Ky"+ cp  ) . (22) 

Suppose  that  Ej  is  the  signal  whose  bearing  is  desired  and  Ej  is  an 
interfering  signal  such  that  0 - h - 1. 

As  the  electric  fields  linearly  superpose  themselves,  the 
differential  antenna  voltades  become 

Cjj  = 2eorK  cos  a cos  ut  + 2h  eorK  cos(a+3)cos((jJt-^cp)  (23) 

Cy  = 2corK  sin  a cos  ut  + 2h  eorK  sin(a+g)cos(ut^  (p)  (24) 

Again  let  the  signals  be  amplified  and  d^^  be  adjusted 

equal  tq.dy  may.  TTie  position  of  the  beam  of  the  oscilloscope  is  then 
described  by 
Z = X + jY 

= A {cos  a cos  ut+h  cos(a+S)  cos(at"^c?)  ■‘■j  [sin  a cos  wt+h  sin(a+3) 

ja  j(a+0)  cos(u)t+(p)j  } 

= A[€  cos  u)t^h  € cos((*)t+q>)J . (25) 


= A [e"^  cos  (j)t  h e ^ ^ cos(wt+ij))]  . 


Consider  now  the  simplest,  case,  that  is,  when  <p  = 0.  Then 
(25)  becomes  i(a+6) 

Z - A(e  + h e ) cos  ut.  (26) 

The  trace  is  again  a straight  line  but  it  is  inclined  at  an  angle 
differing  from  the  desired  angle  a by  an  error  angle  9g,  as  shown  in 
Fig.  3.  Also  from  Fig.  3,  it  is  seen  that 

tan  9 = -.-b  sin  p (27) 

® 1 + h cos  P 
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In  the  genera]  case  where  h,  cp,  and  3 do  not  vanish,  the  trace 
described  by  equation  (25)  is  that  of  an  ellipse.  Tlie  proof  of  this  is 
given  in  Appendix  A, 

In  order  to  permit  easy  interpretation  of  equation  (25),  it 
can  be  rearranged  as  follows: 


Z - A [e"^  cos  wt-t-h  ^^cos(«t+<?)] 

= A + h ^-j(ut+<p) 


+ e 


)] 

- I [,ej“.  h ,j“V  (,j\  h 

. A .j“  [l.h  r>“  .<l*h  .■’'f-"’) 


. Z.  e-'"‘  . Z, 


where 


j(3'*’ <]>)•. 


Z,  = I e-^“  (1+h  t 

Z,  = A eJ“  (l.h 


(28) 


The  locus  of  Z can  now  be  determined  in  terms  of  vectors  Zj 
and  Za , each  of  which  are  dependent  on  h,  3,  and  cp,  and  which  rotate  in 
opposite  diiections  at  the  same  constant  rate.  Figures  4,  5,  and  6 show 
the  construction  of  the  Z locus  for  the  case  of  (p  = 0.  In  this  case,  of 
course,  Z^  = and  the  locus  of  Z is  a straight  line. 

This  method  of  construction  to  obtain  the  Z locus  is  now 
applied  to  the  case  where  cp  f 0.  In  this,  the  general  case,  the  shape 
is  not  easily  visualized  from  equation  (25)  but  is  readily  interpreted 
by  u»in»  (23).  Figure  7 shows  that  the  effect  of  cp  / 0 on  Z^  and  Zg  is 
to  make  Zi/  Zi>  in  which  case  the  locus  of  Z becomes  elliptic  as  shown  in 
Fig.  8.  The  indicated  direction  of  arrival  is  read  as  the  inclination 
of  the  major  axis  of  the  ellipse.  This  indicated  bearing  is  seen  to 
differ  from  the  true  bearing  a by  the  error  angle  0g.  The  derivation  of 

this  error  angle  is  presented  in  Appendix  B, 

Figures  9^  and  10  illustrate  the  indication  resulting  from  two 
signals  of  equal  magnitude  arriving  at  angles  ^5°  apart  with  a time 
phase  difference  between  the  two  oi  180'’.  It  is  seen  to  be  a straight 
line  at  right  angles  to  the  bisector  of  the  angle  between  the  signals. 
This  is  a “worst  case’  drawn  to  illustrate  the  runious  effect  of  certain 
ranges  of  cp  on  the  indicator  accuracy. 


C.  The  Envelope  of  the  Loci  of  Z. 


It  has  been  shown  in  the  foregoing  discussion  that  for  each 
combination  of  the  parameters  a,  3,  cp,  and  ii,  the  Z locus  is  an  ellipse 
or  a straight  line  (degenerate  ellipse).  Referring  to  Fig.  11  and 
considering  equation  (25) 


Z = A cos  (i)t+h  £ 


j(«+3) 


COS((i)t  + <p)] 


(25 ) 


■w 
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it  iti  possible  to  deterinine  the  possible  "“lues  of  Z in  order  to  estab 
lish  the  shape  of  the  envelope.  At  a time  when  u)t  = 0,  <P  rt/2.  The 

first  term.  cos  ut,  positions  the  oscilloscope  beam  at  the  point  A 


i(a+P) 

and  the  second  term,  cos  (wt+cp)  has  no  effect.  Let  vary 

toward  zero.  The  variation  of  the  second  term  moves  L over  to  point  B. 
New  let  ut  increase  positively  and  vary  toward  negative  values  so  that 

j(a+B)  „ 

t cos  (wt+!j>)  maiulains  its  maximum  positive  valuC;  then  Z trav 

erses  the  line  BC.  At  C.  ut  * re  and  = -7i.  By  letting  <p  vary  toward 
zero  and  holding  wt  constant,  Z tr^'^erses  the  line  C£.  At  E,  ut  = n and 


<p  " K,  Let  ut  increase  positively  and  ^ vary  so  that  e cos  (ut+qp) 
maintains  its  maximum  negative  value,  then  Z traverses  the  line  EF.  At 
F,  ut  = 2n  and  (p  = a.  Let  <p  vary  toward  zero,  holding  ut  constant.  At 
ut  -■  '2^,  1>  ti/2  and  Z is  again  at  A.  This  parallelogram  shaped  path 
represents  the  maximum  values  that  Z can  have.  The  parallel  sides  EF 
and  CB  lie  at  an  angle  a equal  to  the  angle  of  arrival  of  Wave  1 while 
the  parallel  sides  EC  and  FB  lie  at  an  angle  a+3  which  is  the  angle  of 
arrival  of  Wave  2.  The  ratio  of  length  of  the  shorter  to  the  longer 
side  is  equal  to  h.  For  any  lixec!  value  of  the  parameters,  a.  3.  q>  and 
h,  Z varies  only  as  a function  of  ut  and  described  an  elliptic  path 
lying  within  and  tangent  at  its  extremes  to  the  parallelogram  shown. 

In  Appendix  C is  presented  an  extension  cf  the  above  argument 
to  cases  in  which  more  than  one  interfering  signal  is  present. 
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V WIDE  APERTURE  DISTRIBUTION  OF  NARROW  APERTURE 

WATSON -WATT  SYSTEMS 

In  section  IV  it  was  shown  that  the  envelope  of  the  elliptical 
oscil loscopic  patterns  for  a single  Watson  Watt  system  with  two  incoming 
signals  present  is  a parallelogram  (when  all  parameters  except  the  time 
phase  between  the  two  signals  remain  constant  and  this  time  phase 
parameter  varies  over  all  possible  values.)  The  sides  of  the  paralielo 
gram  are  parallel  to  the  directions  of  arrival  of  the  two  incoming 
signals  and  the  lengths  of  the  sides  are  proportional  to  the  strengths 
of  the  two  incomifsg  signals.  Thus,  the  directions  of  arrival  can  be 
completely  resolved  if  the  time  phase  parameter  can  be  made  to  vary. 

One  promising  technique  for  obtaining  variations  in  the  time 
phase  parameter  is  to  diatrib«J.e  a number  of  identical  W'atson  Watt 
systems  over  a region  in  the  inter ferer.ee  field  which  is  reasonably 
large  in  terms  of  wavelengths.  In  a well  designed  distribution,  the 
time  phase  difference  between  the  two  signals  would  then  vary  apprecia 
bly  from  system  to  system,  as  shown  in  Appendix  C.  and  these  time  phase 
differences  should  b«  reasonable  evenly  space  from  0°  to  180°.  Conse 
quently.  the  ellipses  indicating  the  bearing  for  each  system  should 
represent  sufficiently  divergent  inclinations  of  all  possible  ellipses 
resulting  from  all  possible  time  phase  differences.  These  ellipses 
could  then  be  optically  superimposed,  either  on  the  face  of  a multi  beam 
oscilloscope  tube,  or  on  an  optical  screen,  using  separate  oscilloscope 
tubes  and  mirror  reflector  techniques  to  give  the  super  position.. 
Figure  12  gives  a schematic  diagram  of  such  a scheme.  If  the  systems 
(including  the  superposition  scheme)  have  all  been  adjusted  to  give 
identical  operation,  then  the  envelope  resulting  from  the  ellipses  of 
the  distributed  sysletno  must  be  exactly  the  same  parallelogram  as  for  a 
single  system  with  a varying  time  phase  parameter.  Furthermore  the 
envelope  is  determined  instantaneously,  assuming  that  there  are  enough 
ellipses  sufficiently  dispersed  over  the  possible  positions. 

This  technique  for  resolving  the  direction  of  arrival  of  two 
interfering  signals  can  be  extended  to  three  or  more  interfering  signals. 
It  is  shown  in  Appendix  C that  for  three  incoming  signals  the  envelope 
of  the  ellipses  is  a six  sidtr.l  polygon  with  opposite  sides  parallel  and 
equal  to  each  other.  The  pairs  of  parallel  sides  are  parallel  respec 
tively,  to  the  directions  of  arrival,  of  the  signals  they  represent  and 
have  lengths  proportional  to  the  relative  magnitude  of  these  signals. 
Thus,  it  is  seen  that  ^he  six  sided  parallelogram  completely  reso.lves 
the  three  signals  exactly  as  doe-s  the  quadrilateral  parallelogram  for 
two  signals.  The  theory  can  be  extended  to  n incoming  signals  repre 
sented  by  a polygonal  envelope  with  2n  sides. 

For  the  case  of  two  signals  it  is  possible  to  determine  by  eye 
the  approximate  tangents  to  the  family  of  ellipses,  however,  for  greater 
accuracy  an  electronic  parallelogram-cursor  is  described  •‘■’hich  would  not 
only  trace  the  actual  envelope  but  also  permit  it  to  be  adjusted  tangent 
to  the  ellipses  for  two  incoming  signals..  Plate  (1)  contains  photo 
graphs  illustrating  the  seven  ellipses  that  result  from  a particular 
(typical)  condition  of  two  interfering  signals  at  each  of  a series  of 
seven  Watson  Watt  direction  finders  evenly  spmeed  about  the  periphery  of 
a circle  5 wavelengths  in  diameter.  The  relative  magnitude  between  the 
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two  signals  is  unity,  the  bearings  of  the  signals  are  45“  and  35“,  and 
the  time  phase  difference  between  the  signals  at  the  center  of  the 
composite  system  is  37.5“.  Photo  1 illustrates  the.  seven  equally  spaced 
systems.  Photo  4'  illustrates  how  the  ellipses  corresponding  to  each 
system  would  appear  before  super -position.  Note  that  at  some  locations 
in  the  interference  field,  such  as  at  the  location  of  the  systems  I,  2, 
and  3 time  phase  difference  is  nearly  180“.  The  electromagnetic  field 
is  nearly  canceled,  and  the  antenna  pickup  and  me^itude  of  bearing 
indication  are  extremely  amall.  £ven  if  the  indicated  bearing  (major 
axis  O'f  the  ellipse)  can  be  determined,  it  ia  apt  to  be  badly  in  error. 
There  is  no  means  of  insuring  that  such  a situation  cannot  occur  under 
normal  sky-wave  propagation  conditions  if  only  one  Watson-Watt  system 
is  utilized. 

Photo  5 illustrates  haw  these  sam«  ellipses  would  appear  if 
superimposed,  and  Photo  6 shows  whe  paiwhlelogrsm  envelope  drawn  tangent 
to  the  ellipses  by  the  electronic  cttrsor.  Note  that  the  sides  of  the 
parallelogram  are  at  angles  45“  e-ftd  35".  Photo  Z shows  that  in  the  case 
of  only  one  signal  (arriving  at  35“V,  the  ellipses  of  all  seven  systems 
become  straight  lines  pointing  in  the  direction  of  arrival  of  this 
signal.  Photo  3 shows  the  case  of  only  the  other  signal  arriving  at  45°. 

If  it  ia  equally  probable  that  a signal  arrive  from  any 
direction,  then  a circular  distribution  of  symmetrically  disposed  unit 
systems  would  probably  give  the  best  average  operation.  If,  however, 
the  majority  of  the  signals  were  expected  to  arrive  fi'oin  a particular 
sector,  then  some  other  distribution  such  as  a linear  or  semicircular 
distribution  would  give  optimum  performance;  i.e.,  it  would  assure  a 
maximuiTt  number  of  ellipses  of  widely  varied  inclinations  for  the  number 
of  unit  a ya terns  employed. 

From  the  photo  it  appears  that,  in  the  case  of  two  arriving 
signals  at  least,  the  ellipses  from  seven  systems  equally  distributed 
about  a circular  periphery  are  adequate  to  determine  the  parallelogram 
shaped  envelope.-  Section VII  contains  a set  of  photos  illustrating 
these  superimposed  ellipses  with  and  without  parallelogram  shaped 
envelopes,  generated  electronically,  for  what  is  felt  to  be  typical 
values  of  the  various  parameters.  All  photos  represent  spvpi>  !^ys*’^r2S 
evenly  spaced  on  circles  ranging  from  one  to  ten  wavelengths  in  diameter. 


VI.  SIMULATION  OF  WADONAS  OF  WAT30N-WATTS  WITH  THE 
RDF  ANALYZER  AND  EIGHT -BEAM  OSCILLOSCOPE 

Fourteen  channels  (see  Fig.  L^)  of  the  RDF  analyzer  were  u/^ed 
to  secure  the  x and  y oscilloscope  plate  deflection  voltages  needed  for 
-<ev€n  bear>»  of  the  eight  beet:  cscilloacope.  Each  v,i^.r.ent  cupplied  the 
difference  volt«ge  correspo^idirng  to  thac  which  a differentially  connect- 
ed AdccvL  antenna  pa-ir  we^ld  produce  (see  Fig.  14).’  The  eighth  beam  of 
the  oscilloscope' was  connected  to  an  electronic  cursor,  which  produces  a 
pfiral'leiogrem  whose  aides  are  adjustable  both  in  length  and  inclination. 
In  use,  the  cursor  parallelogram  is  superposed  upon  the  collection  of 
seven  ellipses  given  by  thie  system  kikI  its  site  and  shape  is  adjusted  so 
that  the  ellipses  are  enclosed  within  and  tangent  to  it.  The  angles  of 
arrival  and  relative  magnitudes  of  the  two  signals  present  are  then 
easily  resolve.-j  either  from  the  cursor  dials  or  from  the  oscilloscope 
scale.  A schematic  of  the  cursor  circuit  is  given  in  Fig.  15.  From  it 
one  sees  that 

Cjj  E cos  a sin  ut*  h E cos (a+p)sin(ti)+Ati))t  (29) 

Cy  o=  E sin  a sin  ut+  h E sin(a+p)sin(u+Au)t  (30) 

where  a and  a+3  are  the  rotation  angles  of  synchros  No.  1 and  No.  2, 
respectively,  from  their  reference  axes.  Au)  is  a small  deviation  from 
(i).  e^  and  Cy  from  the  cursor  are  supplied  to  the  amplifier  of  beam  8 of 

the  oscilloscope.  Adjustment  of  the  potentiometers  and  the  synchros 
allows  the  parallelogram  to  be  adjusted  so  that  it  will  fit  over  the 
ellipses. 

The  phase  differences  of  the  arrays  simulated  were  calculated 
for  the  different  cases  presented  t\nd  set  up  on  the  14  channels  of  the 
analyzer  used  for  ellipse  presentation. 
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VI 1, CATHODE -RAY  INDICATOR  PHOTOGRAPHS  FOR 
A SIMULATED  WADONAS 

Plate  I illustrates  the  p«ke-up  of  a WADONAS  indicator  and  is 
described  in  Section  V. 

Plates  II  through  V consist  of  Lcarirtg  indications  with  the 
sone  range  of  time  phase  walue^,  9,  for  two  signals  having  it  relative 
aagnitudS' of  unity  and  a separation  of  Since  each  plate  is  for  a 

different  aperture,  this  series  shows  the  variation  in  indications  as 
a function  of  D,  the  system  aperture. 

The  series  of  Plates  Vl  through  \TII,  IX  through  XI,  end  XII 
through  XIV  consist  of  photos  for  a system  of  D = (considered  a 
useful  medium  aperture). 

Plates  VI  through  VIII  show  indications  for  the  same  range  of 
values  for  h “ 0-3,  0.7,  and  1.  The  two  arriving  signals  are  separated 
by  5“. 

Plates  IX  through  XI  are  similar  to  Plates  VI  through  VIII, 
but,  the  two  arriving  signals  are  separated  by  I0“. 

Plates  XII  through  XIV  are  similar  to  plates  VI  through  'vTII, 
but  the  two  arriving  signals  are  separated  by  25°. 

Plate  XV  shows  the  same  set  of  conditions  used  in  Plates  II 
through  V but  in  this  case  the  relative  time  phase,  cp,  is  made  to  vary 
continously  through  all  possible  valuer.  Each  photo  is  for  a different 
aperture,  as  labeled. 

Plate  XVI  shows  the  use  of  «n  electronic  cursor  as  an  aid  in 
the  resolution  of  the  parallelogram -shaped  envelope  produced  by  two 
arriving  signals.-  The  cursor  is  of  greatest  use  when  the  number  of  unit 
systems  employed  is  small. 

Plate  XVII  is  a photograph' of  the  RDF  analyzer,  together  with 
the  eight-beam  oscilloscope  used  in  the  WADONAS  simulation. 

Figure  16  is  a diagrammatic  sketch  based  on  Plate  XVII 
designating  the  components  of  the  analyzer. 
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VIII.  DISCUSSION  OF  PHOTOGRAPHS  AND 
BEARING  READING  TECHNIOOKS 

An  examination  of  the  photographs  of  Section  VII  shows  that, 
in  general,  the  parallelogram  shaped  envelope  and,  hence,  the  hearings 
of  both  arriving  signals,  can  be  fairly  accurately  determined.  The 
technique' of  constructing  an  actual  envelop©  with  the  aid  of  the  elec- 
tronic parallslogram  cursor  described  in  Appendix  K is  seen  to  be  of 
coRsidorable  value  in  improving  the  accuracy  of  the  deterniination . 

Under  favorable  conditions,  the  parallelogram  shaped  envelope 
is  seen  to  give  far  more  bearing  information  than  a 'diversity'  reeding 
technique  where  the  bearing  is  read  from  the  longest  ellipse  correspond 
ing  to  the  strongest  signal.  However,  if  more  than  two  incoming  signals 
are  present,  the  parallelogram-shaped  envelope  becomes  a polygonal 
envelope  with  a number  of  parallel  sides  equal  to  twice  the  number  of 
incoming  signals.  Each  pair  of  sides  is  parallel  to  the  direction  of 
arrival  of  the  paiticular  incoming  signal  it  represents  and  is  of  a 
length  proportional  to  the  strength  of  this  signal.  With  only  a re 
stricted  number  of  ellipses  (for  example,  less  than  eight),  it  would  be 
difficult  or  impossible  to  resolve  the  polygonal  envelope  for  a large 
number  of  inccmisig  signals  (for  example,  more  than  four).  Excessive 
noise  or  heavy  modulation  would  complicate  the  problem  still  more.  For 
such  cases  it  might  be  advisable  to  split  the  polygon  (or  pattern) 
along  its  major  diagonal  and  estimate  the  best  bearing  by  eye  if  the 
direction  of  the  longest  side  canpot  be  resolved.  TTiis  would  give  about 
the  same  results  as  a diversity  technique,  either  taking  the  bearing 
from  the  largest  ellipse  or  by  splitting  the  bearing  between  two  large 
ellipses  of  equal  size.  With  any  of  these  techniques  the  guaranteed 
maximum  bearing  error  for  the  WADONAS  is  far  less  thsn  that  for  a single- 
system. 

Another  special  case  needing  consideration  is  that  for  two 
incoming  signals  of  equal  or  nearly  equal  strength.  Such  cases  would  be 
almost  certain  to  occur  only  when  the  angular  separation  is  small  (less 
than  20°).  ns  they  would  result  from  split  path  (multipath)  ionospheric 
transmission  conditions.  Theee  conditions  are  the  ones  resulting  in  the 
worst  errors  - approaching  90°  - for  a single  system.  It  can  be  seen 
from  the  photos  that  the  bearing  error  for  the  WAEXINAS  is  not  likely  to 
exceed  the  angular  separation.  These  is,  however  some  question  as  to 
v/hich  of  any  two  equally  large  signals  is  the  true  bearing.  Probably 
the  beat  statistical  approximation  to  the  true  bearing  with  only  rela 
tive  magnitude  information  available  would  be  obtained  by  taking  the 
angle  half  way  between  the  arrival  directions  of  two  signals  of  equal 
strength.  Hence  the  best  reading  technique  for  the  WADONAS  would  be  to 
take  the  major  diagonal  of  the  paral lelogram- shaped  envelope. 

Siniiarly.  in  the  case  of  incoming  signals  having  large 
relative  magnitude  (0,5  to  0,9),  where  the  angular  separation  is  small, 
(and  split  path  transmission  is  indicated),  the  best  bearing  might  be  in 
between  the  bearings  of  the  stronger  and  weaker  signals  but  closer  to 
I the  stronger  signal  bearing  than  the  weaker.  Again  such  an  intermediate 
bearing  with  exactly  these  characteristics  is  given  by  the  major  diag. 
nal  of  t.he  parallelogram.  For  intermediate  values  of  relative  magni 
tudes  (0,3  to  07),  with  split  path  transmission,  whether  or  not  the 
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longer  side  or  the  diagonal  -ould  give  the  best  bearing  cannot  be 
answered  with  present  day  statistical  inforrnaticn  on  propagation  con- 
ditions. Other  information,  such  as  the  relative  time  of  arrival  of  the^ 
signals,  might  be  more  pertinent  than  relative  magnitude  considerations. 
If  the  angvilar  separation  is  large  and/or  back -scatter  or  site  reradia  - 
tiL'P.  is  indicated,  then  the  longer  side  of  the  parallelogram  would 
definitely  give  the  best  bearing. 


IX.  OPTIMUM  AFERTiJBF.S  AND  WIDE -BAND  OPERATION 

The  phonographs  of  Section  VII  give  an  indication  of  the 
minimum  and  maximum  apertures  which  seem  advisabie  to  use,  and  hence, 
give  an  indication  of  the  range  of  possible  operating  frequencies  for  a 
WADONAS.  plate  II  clearly  shows  that  for  small  angular  separations 
(3  = 5°)  and  the  time  phase  <f  - 180“,  a system  of  1 X diameter  is  not 
large  enough  to  give  a large  ellipse  or  an  adequate  bearing.  Even  two 
wavelengths  diameter  (Plate  III,  = 180“)  is  not  too  satisfactory, 
although  it  is  a considerable  improvement  over  one  wavelength,  and  a 
tremendous  improvement  over  a aingie  system  with  3 = i>“  and  - 130°. 
Thus,  it  is  seen  that  the  lower  limit  for  system  diameter  is  determined 
by  the  necessity  of  producing  ellipses  with  as  far  removed  from  the  q> 

at  the  center  as  possible.  As  in  nearly  all  wide-aperture  systems,  the 
required  aperture  will  be  a function  of  the  angular  separation,  increas- 
ing as  the  angular  separation  decreases.  More  particularly,  in  order  to 
produce  a range  of  <Pp  ’ s deviating  at  most  by  from  the  central  qp 

it  is  required  that  the  diameter  of  the  system  (D)  be  at  least 


i)  -*  — ^ wavelengths.  (30) 

360  sin  ^ 

2 

This  value  is  obtained  as  shown  in  the  following  discussion. 
It  is  shown  in  Appendix  D that 

<Pi  ==  <p  - R cos  Ps  + R cos  Px  (31) 

where  R is  the  electrical  radius  in  degrees.  The  time  phase  difference 
deviation  from  the  center  time  phase  difference,  <p,  will  be  called  \y. 

t = R (cos  Pi  - cos  Pj ) . (32) 

From  figure  D1 

Px  = Pi  3 (33) 

so  that  substituting  equation  (33)  into  (32)  gives 

= R [cos  Pj  - cos  (Pj,  + 3)1-  (34) 

Differentiate  with  respect  to  Pj  and  set  the  derivative  equal  to  zero  to 
determine  the  maximum  variation  of  \jr,  ¥n,ax'  This  gives 

= R [sin  (P,  + 3)  - sin  P*]  (35) 


from  which 


s ' r.  i ' 


Solutions  of  this  equation  are 


Pi  = 90°  - I ; 270°  - I 

which  represent  the  maxima;  the  minima  are  not  significant,  as  the 
quantity  of  interest  is  the  absolute  range  of  phase  difference  variati.on, 
either  positive  or  negative.  The  maximum  variation  in  the  time  phase 
difference  will  be  found  at  a unit  system  position  such  thnt  a line 
joining  the  unit  system  to  the  composite  system,  center  i.s  perpendicular 


Vi 


to  the  bisector  of  the  angle  between  the  signals;  i.e-.  Pi  = 90°  - 
When  Pa  = 90°  - then,  this  nwiximum  phase  difference  deviation  “max  ^ ® 


■fmax 


= R [cos  Pj  - cos  (Pa  + 8)] 

= fl  [cos  (90°  - |)  -cos  (90°  + |)] 
c I 

= 2R  sin 


(37) 


Sc  that 


D = 2R  = in  degrees 

sin  S 

2 


= -*■ — ~ in  wavelengths.  (30) 

360  sin  2. 

2 

Thus,  for  an  angular  separation  of  8 = 5°,  a diameter  of 
about  1,9  wavelengths  is  required  for  rmax  " 30°.  For  8=1°  a diame 
ter  of  9.4  wavelengths  is  required  for  the  same  value  of  Vn,ax* 

Although  a very  small  value  of  *‘>nld  theoretically 

produce  at  least  two  ellipses  adequate  to  determine  the  parallelogram 
envelope,  examination  of  Plate  HI  shows  that  it  is  sometimes  difficult 
to  determine  the  envelope  with  less  than  30°  (D  = 2X  for  8 - 5°). 

For  Vn^ax  * ' 0.95a  for  8 = 5°)  it  becomes  difficult  even  to  form 

a general  conceot  of  the  coriect  bearing  if  (p  = 180°. 

For  excessively  large  apertures,  a similar  limit  is  imposed. 
When  the  aperture  becomes  large,  the  possibilities  for  the  q>  variations 
being  nearly  equal  or  differing  by  multiples  of  360”  are  greatly  in 
creased.  This  tendency  is  roughly  illustrated  by  Plete  IV  <p  = 0°  where 
D = SX,  and  all  of  the  ellipses  except  one  are  np!?»-ly  coincident.  At 
5 and  iGX  no  conditions  of  exact  coinciucuce  were  located  as  the  photos 
show.  If  all  were  nrcrJy  equal  and  = 180°,  then  small  ellipses  and 
bad  errors  could  result  exactly  •*  for  the  nsirrow  aperture  systems.  In 
the  wide -aperture  case,  however,  these  effects  would  be  more  apt  to 
occur  with  wide  angles  of  separation  where  large  relative  magnitudes 
would  not  be  as  prevalent. 

Thus  the  lower  limits  on  the  system  aperture  would  be  ex 
pected  to  be  more  critical  than  the  upper  limits  and  it  would  be 
advisable  to  keep  the  diameter  above,  at  least,  2X,  extending  it  to  as 
much  as  20X.  if  necessary. 

A 20  to  2 wavelength  range  would  mean  that  the  system  could  be 
operated  over  a 10  to  1 frequency  range  (say  2 to  20  megacycles).  This 
indicates  that  the  useful  bandwidth  of  the  WAEKWAS  is  at  least  as  good 
as  that  of  the  small  aperture  units  currently  available  with  which  it 
would  be  constructed. 


.V 


Anothor  way  of  arriving  at  this  concluslcr. 
f i • i d ( Re f a rence  X j 


results  fro.i  an  examination  the  nte 
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X,  CONCLUSIONS 


i 

I 

I > 


It  is  con;:ltidsd  that  aeven  Watson-Watt  i^F  units  circularly 
distributed  and  connected  so  as  to  haye  optically  superimposed  bearing 
indications  can  form  a system  capable  of  completely  resolving  the 
directions  of  arrival  of  two  signals  under  a majority  of  conditions. 
The  distributed  system  is  as  nearly  instantaneous  as  the  units  forming 
it.  Under  any  conditions,  the  system  is  superior  to  diversity  type  of 
interconnections  or  a single  Watson-Watt  unit.  e.»pecially  in  the  case  of 
flash  transmissions.  It  is  estinetod  that  a aperture  is  roughly 
optimum,  but  that  satisfactory  operation  over  a range  of  2 to  is 
possible.  It  is  further  demonstrated  that  a system  c'r-'nposed  of  a 
sufficient  number  of  unit  systems  is  theoretically  capable  of  yielding 
the  directions  of  arrival  and  relative  magnitudes  of  any  number  of 
incoming  sigjials.  Finally  it  is  to  be  noted  that  this  system  is  equally 
capable  of  handling  miodulated  signals  inasmuch  as  the  Watson-Watt  units 
of  which  it  is  composed  do  not  break  down  under  conditions  of  modulated 
signal  reception. 
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APPENDIX  B 

inclination  Of  THE  ELLIPSE  AND  ERROD  ANGLE 

From  analytic  gaORfftry,  it  is  known  that  the  inclination  of 
th©  elTdpac  is  given  by  G where 


tan  20  = . 

A-C 


From  Appendix  A: 


tan  20  * 


Inserting  the  values  for  the  k’s 


~2k^k4  2k^k3 

k?+k5®-ki®-ka“ 


tan  20  = 


[coa  u*  h cos(a+f))cos  q>]  [sin  a+  h sin(a+3)c;os  <p] 
[h  cos(a+3)  sin  ip]  [h  sin(a+3)  sin  q>] 

[cos  a h cos(a+3)co8  cp]  ° + [h  cos(a+6)  sin  (p]  ° 
[sin  a+h  sin(a+3)cos  q>l  * - [h  sin(a+0)  sin  ipl  * 


2 I [cos  a sin  «+  h cos(ci+3)  cos  <p  sin  cp  v 

^ h ai n(g^^3)  cos  <p  ^.+  li®  coi8(a+3)  siii(a-*-6)]  j 

cos*  a •"  2h  cos  a cos  qp  cosIa+P)  + h*cos*(c+3) 

- sin  c;  - 2h  sin  a sin(a+3)  cos  cp-  h sin  ^a+B) 

sin  2ot+2h  coa  cp  sin(2»^3) . + h*  sin  2(a+B) 

— ’ - - I a.  l^l.  1 I - r L 1 u--*.n,  ■ - .1  ,r  I—  1 ^ 

cos  2«+ 2h  cos  <;•  cos(2ct+B)  + h*  cos  2(-:?!3) 

(B3) 

Hence,  the  angle  of  inclination  of  the  major  axis  of  the  ellipse  with 
respect  to  the  X axis  is  given  by 


, e = 1 tan"'  sin  2a.^2i\  (R  h..  sin^Itt±£).  . (34) 

^ cos  2®'*'2h  cos  <p  cos(2®+B)  + h*  cos  2(®+B) 

To  find  the  error  angle  9^,  which  is  the  angle  between  the  major  axis 

of  the  ellipse  and  the  direction  of  arrival  of  Wave  1,  it  is  merely 

necessary  to  set  a = 0 in  the  above  expression,  Tliis  yields 

6g  = I-  tan"'  lh.-s±n_g_gas  J)_!:_h L_s i JL-2J  . (35) 

" 1 ^ 2 h cos  B cos  9 h* cos  29 

In  Fig.  3 is  shown  the  construction  for  0_  when  cp  = 0.  This 


tan  0. 


H s in  {? 


v/g  - — — . VL»u; 

1 + h cos  p 

To  show  that  this  is  equivalent  to  the  expression  just  derived  for  0^  at 
9=0,  rearrange  equation  (B5)  and  set  9=0,  then 


tan  20. 


2h  sin  B t h sin  2B 

I 2h  cos  B + h*cos  2B 


4. 


tail  28g  - 

2 tan  0g 

(B8) 

1 - tan* 9^ 

tan  9-  = 

h Sin  S 

(B6) 

1+h  cos  0 

tan*  9;,  = — 

h*  sin*0 

(B9) 

(i  + h cos  p) 


■■  C-i-t  .*1  4 -■■. 

(1+h  cos  P)' 


(1+h  cos  P)‘ 


U'^i'  cos  pj 


(BIO) 


and 


2h  sin  6 

tan  20e  = ^ = L^>  coa , p 

1-tan’pg  1^2h  cos  S'*’h'‘sin  2B 
(1+h  cos  0)* 

- 2h  sin  6+h^sin  26 
l+2h  cos  P+h’ain  20 

and  the  equivalence  is  shown. 


2h  sin  0(l+h  cos  B) 
l+2h  cos  sill  20 
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APPENDIX  C 

DEVELOPMENT  Z LOCUS  FOR  THREE  SIGNALS 


la  Snct>io9\  I'V,  oqvMitiMWt  ♦25f)itor  the  Z trace  of  the  Watson-Watt 
s^te«  for  the  oa*o  of  <h»o  rnt«rfori?r«  woro  i«'  dor-iTO^..  As  the  electric 
fields  due  to  any  number  of  BttirxtiS  aavea  liuearly  soperimpose  them- 
selves at  the  antennas,  the  nontribtrtien  of  the  field  caused  by  each 
wave  to  an  antenna  differential-  voltage  is  of  the  form 


®x  ""  2^n  cos(a-'-3^)cos((i)t'*-(Pj,)  (Cl) 

where  hj^,  Pj,,  cPj^,  are  the  relative  magnitudes,  deviations  in  arrival 

directions,  and  relative  tina*.  phasoa,  respjcctiveiy , pf  the  nth  wave,  all 

measured  with  respect  to  Wave  1.  Tlie  trace  of  the  oscilloscope  beam  due 

to  n arriving  waves  is  given  by 

1®  j(®'*'Pi)  i(®'*'32) 

Z ' A [e“  cos  ut+hi  c cos((i)t+cPi ) + hj c“  cos((i)t+<P2  ) 

^(a■^fi  ) 

* •**  +h_€  " cos((i)t+q>„)] 


or 

Z - A z h„  €-^"'"cos(u)t+®^),  (C3) 

m=0 

where  ho  = 1. 

The  indication  resulting  free  the  WADONAS  due  to  more  than  one 
ijiterfering  signal  is  readily  visualized.  The  envelope  of  the  Z loci  is 
a pdygon  having  a pair  of  sides  corresponding  to  each  signal  present, 
the  lengths  and  the  inclination  of  the  pair  of  side?  c^ing  proportional 
to  the  relative  magnitude  and  direction  of  arrival  of  that  particular 
signal. 

An  argument  identical  to  that  given  earlier  for  the  case  of 
two  waves  shows  that  for  three  waves,  one  has 


ALe  cos  ut+hiC  cos(<i)t+(Pi  )+hsC 


cos (yt+mj )]  (C4) 


and  the  envelope  of  the  loci  is  a six-sided  figure,  shown  in  Fig.  Cl  for 
the  h’ s and  3’s  listed.  Wave.  1>  is  considered  to  bo  the  desired  wave  and 
the  other  two  might  he  due  to  extra- length  path  trenamxBsion.  As  in  the 
cese  of  two  sig^tals,  one  is  again  able  to  separate  the  components  of  the 
field  strength  both  in  magnitude  and  direction  provided  there  is  a 
distribution  of  narrow-aperture  systems  such  as  to  produce  a satisfac- 
tory distribution  of  relative  time  phase  values. 

Figure  C2  is  a photograph  of  the  =nvelope  of  the  Z loci  for 
three  signals.  The  photograph  wa*  nht.ained  on  the  antenna  simulator  for 
the  particular  case  where  wave  1 arrives  from  a bearing  of  ■'•20°  azimuth. 
Wave  2 bears  15°  counter  clockwise  from  wave  1 and  has  a relative 
amplitude  of  0.9.  Wave  3 bears  30°  clockwise  from  wave  1 and  has  a 
relative  amplitude  of  0.7.  The  time  phases  of  waves  2 and  3 relative  to 
wave  1 are  varying.  It  is  seen  that  the  actual  photograph  bears  out  tlte 
three -signal  theory  stated  above. 

The  shape  of  the  envelope  of  ‘he  Z loci  for  more  than  three 
signals  present  follows  by  induction  from  the  foregoing. 
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Ai  PtlMDIX  D 
DEVELOPMENT  OF  <p„ 


The  expLonation  fpr  the  time  phase  difference  between  the 
desired  and  unde«%ired  sijirnftls  varying  from  system  to  system  when  the 
ay»tem».  are  widely,  separaped  ca«  be  seen  from  an  examination  of  the 
interfereneo  field  as  pictured  in  Pinto  1 of  Technical  Report  4'.  To 
Qhtnin  a- more  e^ract  pi-ctwre  foar  the  ceee  of  t^ao  ay  stems  at  random 
loioat:i</n  adth  rempOw^t  to  tmo  exemrne  Fitg.  Dl.  Let  the 
two  systems;  be-  on  the-  potiphepy  of  » eipcln  o-f  radi-us  R in  electrical 
degrees  (corresponding  to  a^'p^Tti-c^lsr  ware  length  for  the  incoming 
signals),.  Let  the  time  phase,  differsaoe  between  the  signals  at  the 
center  of  tbie  circle  be  (pi,,  and  lot  and  eir  be  the  tine  phase  differ- 
ence between  the  desired  and  undesiTed  si.gnsia  at  the  center  of  unit 
syjstems  (Watson-Watts)  1 and  2,  respectively.  Now  let  the  field  at  the 
roABter  of  the  circle  due  to  the  desired  signal  be 

Em  cos  iJt  (Dl) 


and  the  field  at  the  center  of  the  cirtlo  duo  to  the  undesired  signal  be 

E„,  cos  (ut+<p)  (D2) 

Then,  the  field  at  the  center  of  system  1,  resulting  from  the  desired 

signal  is  . _ / r.  r.  » 

cos  (totr-R  cos  T’l ) (D3) 

and  the  field  at  the  center  of  system  1 resulting  from  the  undesired 
is 


h E_  co«(wt+(p- if)  cos  Pa) 


(04) 


Hence,  <Pi , can  be  expressed  as 

<Pi  “ (<r-B  cos  Pj+R  cos  Pa).  (D5) 

Similarly,  the  field  at  the  center  of  system  2 resulting  from 
the  desired  signal  is 

Fj„  cos(ut-  R cos  P*)  (D6  ) 

and  from  the  undesired  signal  is  ‘ 

h Ej^  cos((iJt+(p.- R cos  Ps).  (D7) 

Hence,  (P2y  can  be  expressed  as 

(Pa  = (SH- R cos  i%+  R cos  P^);  (Dg ) 

and  since  Pi,  Pa,  P*,  and  P4  are  generally  independent  for  randon 
locations  of  systems  1 and  2,  Pr  ia  generally  different  from  (Pa. 
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